The high-precision data for the specific heat C V (T,V) of normal-liquid 3 He obtained by Greywall, taken together with the molar volume V(T 0 , P) at one temperature T 0 , are shown to contain the complete thermodynamic information about this phase in zero magnetic field. This enables us to calculate the T and P dependence of all equilibrium properties of normal-liquid 3 He in a thermodynamically consistent way for a wide range of parameters. The results for the entropy S(T, P), specific heat at constant pressure C P (T, P), molar volume V(T, P), compressibility (T, P), and thermal expansion coefficient ␣(T, P) are collected in the form of figures and tables. This provides the first complete set of thermodynamically consistent values of the equilibrium quantities of normal-liquid 3 He. We find, for example, that ␣(T, P) has a surprisingly intricate pressure dependence at low temperatures, and that the curves ␣(T, P) vs T do not cross at one single temperature for all pressures, in contrast to the curves presented in the comprehensive survey of helium by Wilks.
I. INTRODUCTION
Liquid 3 He is an exceptional system: at sufficiently low temperatures its normal phase is the prototype of a Landau Fermi liquid, 1,2 while the superfluid phases, appearing at even lower temperatures, present examples of anisotropic BCS-type superfluids. 3, 4 Therefore liquid 3 He has been investigated systematically and in considerable detail at temperatures T both below the critical temperature T c in the superfluid state (TϽT c ϭ0.0026 K) 5, 3 and in the Fermi liquid regime (T c ϽTՇ0.16 K). 6, 7 At higher temperatures the dependence of the molar volume V, entropy S, thermal expansion coefficient ␣, and specific heat C P on pressure P had already been measured earlier by different groups. [8] [9] [10] [11] [12] [13] Their values are summarized in figures, as well as tables in the appendixes, in the comprehensive book by Wilks. 6 Later measurements of some of these quantities were made, for example, by Grilly 14 and by Abraham and Osborne. 15 Subsequently, high-precision measurements of the specific heat at constant volume, C V (T,V), were performed in a wide temperature range by Greywall. 16 In view of the fundamental importance of liquid 3 He for our understanding of strongly correlated Fermi systems it would be desirable ͑i͒ to have complete knowledge of all equilibrium thermodynamic quantities in the full (T, P) and (T,V) plane, and ͑ii͒ to be sure that these values indeed fulfill the usual thermodynamic relations, i.e., are thermodynamically consistent.
In this paper we wish to point out that it is possible to calculate the full set of equilibrium thermodynamic quantities characterizing normal-liquid 3 He from the specific heat C V (T,V) measured by Greywall, 16 complemented by existing data for the molar volume V(T 0 , P) at a fixed temperature T 0 ϭ0.1 K as parametrized by Greywall. 16, 17 Namely, these quantities are shown to contain the complete thermodynamic information about the system. This enables us to calculate all equilibrium thermodynamic quantities of liquid 3 He at zero magnetic field. The advantage of this approach is that the temperature and pressure ͑or volume͒ dependences of these quantities are then guaranteed to be thermodynamically consistent. These results are collected into figures and tables and provide the first complete set of thermodynamically consistent values of the equilibrium quantities of normal-liquid 3 He. In this paper we deal only with the normal-liquid phase of 3 He. Nevertheless, since the measurements by Greywall 16 were performed down to temperatures as low as 7 mK, we will present also limiting values for thermodynamic quantities in the limit T→0, even though 3 He would be superfluid then. We note that Greywall later also published measurements of the specific heat and the melting curve of 3 He based on a revised temperature scale. 18, 19 In order to maintain the thermodynamic consistency and since the new temperature scale leads to corrections 18 in C V (T,V) of only 0.5% above 0.07 K and 1% below 0.07 K, the calculations in this paper are based solely on the data of Ref. 16 .
The paper is organized as follows. In Sec. II it is shown how to obtain the complete thermodynamic information from the known experimental data. In Sec. III the calculation of thermodynamic quantities is explained in some detail. In Sec. IV the molar volume V(T, P), entropy S(T, P), specific heat at constant pressure C P (T, P), compressibility (T, P), and expansion coefficient ␣(T, P) are discussed, and are plotted and listed in tables.
II. COMPLETE THERMODYNAMIC INFORMATION
A thermodynamic potential as a function of its natural variables contains the complete thermodynamic information about the system in equilibrium. Here we show how to obtain the free energy F(T,V) as a function of its natural variables T and V, when the specific heat C V (T,V) and the molar volume V(T 0 , P) at a fixed temperature T 0 are known. Since dFϭϪS dTϪ P dV, and hence
one needs the entropy S(T,V) and the pressure P(T 0 ,V) to calculate F(T,V). The entropy is obtained from C V (T,V) by integration:
and P(T 0 ,V) can, in principle, be calculated from the molar volume V(T 0 , P) by inversion. In the following we will not calculate the free energy explicitly according to Eq. ͑1͒. Instead, we make use of the Maxwell relation
to obtain the pressure
and hence by inversion the molar volume V(T, P). Equation ͑4͒ contains a central observation of this paper: P(T 0 ,V) or V(T 0 , P) at a single temperature can be extended to all temperatures if C V (T,V) is known. From these equations thermodynamic quantities such as the entropy S(T, P) as well as derivatives of V(T, P), such as the compressibility and the expansion coefficient ␣, can be calculated as functions of pressure ͑instead of volume͒ and temperature.
III. CALCULATION OF THERMODYNAMIC QUANTITIES
Based on his measurements, Greywall 16 provided interpolation formulas c 1 (T,V), c 2 (T,V), and v 0 ( P), representing the specific heat at constant volume C V (T,V):
as well as the molar volume V(T 0 , P) at temperature T 0 ϭ0.1 K:
Greywall fitted the interpolation formulas in the temperature range 0.007рTр2.5 K for molar volumes 26.169рV р36.820 cm 3 . His interpolation formulas are given by
Here and in the following T, V, and P are in units of K, cm 3 , and bar, respectively. Below we will also need the inverse of Eq. ͑6͒, i.e., p 0 (V)ϭ P(T 0 ,V). We use the function
which we fitted to the inverse of v 0 ( P) by a least-square fit ͑rms deviation 0.2 bar͒. 20 The parameters b i , as well as Greywall's parameters appearing in Eqs. ͑7͒-͑9͒, are listed in Table I .
Using Eqs. ͑2͒ and ͑4͒ together with Eq. ͑5͒ we obtain the entropy S(T,V) and pressure P(T,V) as 
͑12͒
where the auxiliary functions s i (T,V) and p i (T,V) are defined for iϭ1,2 via ‫ץ‬s i /‫ץ‬Tϭc i /T, ‫ץ‬s i /‫ץ‬Vϭ‫ץ‬p i /‫ץ‬T, with s 1 (0,V)ϭ0, and q is a conversion factor, qϭ83.1451. After analytically performing the necessary integrations we obtain the following expressions:
The only nonelementary function that appears in these expressions is the exponential integral Ei(x), defined by
This function can be calculated numerically without difficulty. 21 Other thermodynamic quantities can be calculated from Eqs. ͑5͒, ͑11͒, and ͑12͒. The specific heat at constant pressure C P is given by
and the isothermal compressibility and isobaric expansion coefficient are calculated from Eq. ͑12͒ as
͑20͒
After obtaining V(T, P) from Eq. ͑12͒ by inversion, these quantities can be calculated as a function of T and P. It is also possible to calculate higher derivatives in terms of known functions by repeatedly applying standard thermodynamic relations, e.g.,
͑24͒
Of these higher derivatives we will only evaluate the pressure dependence of ‫)‪T‬ץ/␣ץ(‬ P in the limit T→0.
IV. RESULTS AND DISCUSSION
In this section we will present both figures and tables of thermodynamic quantities calculated by the procedure described above. The allowed temperature range for these interpolation formulas is 0рTр2.5 K, where Tϭ0 denotes the extrapolation of the Fermi-liquid data at Tϭ7 mK to zero temperature, disregarding the occurrence of superfluid phases. The allowed range of molar volumes is 26.16рV р36.85 cm 3 . Note that for low molar volumes the pressure is always below the minimum of the melting pressure 22, 16 at 3 He at pressure Pϭ0 bar. See also the discussion of the accuracy of (‫ץ‬V/‫ץ‬T) P at low pressures in Sec. IV C and Ref. 23 . 3 He at pressure Pϭ10 bar. 3 . The resulting range of pressures is 0р P Շ28-29 bar, depending on temperature.
Below we present results for the molar volume, entropy, and specific heat as a function of pressure and temperature, as well as the first derivatives of the molar volume, the compressibility, and the thermal expansion coefficient. 23 Using Eqs. ͑21͒-͑24͒ of Sec. III it is also possible, in principle, to calculate higher derivatives, but because their reliability is difficult to judge we will calculate only the slope of the expansion coefficient as a function of pressure for T→0.
For pressures 0, 5, 10, 15, 20, 25, and 28 bar, Tables II-VIII show data vs T at temperatures 0рTр2.5 K. Table  IX lists data vs P at Tϭ0. We note that, for Pϭ0, calculations are restricted to TϽ1 K since at higher temperatures the calculated molar volumes V(T, Pϭ0) become larger than 36.85 cm 3 and are thus outside the regime of the interpolation formulas. We also note that since the interpolation formulas are given by two different expressions for temperatures above and below Tϭ0.1 K, there appear weak cusps or discontinuities in some of the curves at this temperature, which we purposely did not smooth out.
A. Molar volume V"T,P…
The temperature dependence of the molar volume V(T, P) is plotted in Fig. 1 relative to its zero-temperature value. The pressure dependence of V(T, P) is shown in Fig. 2 for T ϭ0,1,2 K. The change in volume over the temperature range 0-2.5 K is small (Շ4%).
At low temperatures the volume is seen to decrease upon increase of temperature, implying a negative thermal expansion coefficient. This is found in many strongly correlated fermion systems and is due to the anomalous increase of entropy with pressure in these systems as will be discussed in the following two subsections.
In the limit T→0 we compared our results for V(0,P) ͑see also Table IX͒ with the values determined by Wheatley. 5 We find very good agreement for all pressures, the relative difference between these values being less than 0.5%. At higher temperatures (1рTр2.4 K͒ our evaluation of V(T, P) can be compared to the corrected data of Sherman and Edeskuty, 10 which are tabulated in Wilks' book. 6 Again the agreement is very good for all pressures, with relative differences less than 0.6%. Comparison with the data of Abraham and Osborne 15 also shows very good agreement, with relative differences of at most 0.3%. 
B. Entropy S"T,P… and specific heat C P "T,P…
In Fig. 3 S(T, P)/T is shown as a function of temperature for several values of pressure. In Fig. 4 S(T, P) is plotted as a function of pressure, relative to its value at Pϭ0 shown as an inset. Comparison of Fig. 4 with earlier, independent measurements 9,11 of the entropy shows good quantitative agreement.
The specific heat C P (T, P) is plotted as a function of temperature in Figs. 5 and 6, and as a function of pressure in Fig. 7 . As expected, the difference between the values of the specific heat at constant pressure C P and the previously published 16 data at constant volume C V is very small for low temperatures. However, at the highest available temperature, Tϭ2.5 K, this difference increases to about 10%. 24 At very low temperatures 3 He is a Landau Fermi liquid 2 with an entropy and specific heat linear in T, S͑T, P ͒ϭC P ͑ T, P ͒ϭ␥͑ P ͒RT, T→0. ͑25͒
The coefficient ␥ can be expressed in terms of the effective mass m* or the Landau parameter F 1 s as
is the corresponding coefficient of a hypothetical free fermion gas with atomic mass of 3 He, mϭ5.009ϫ10 Ϫ24 g, at the same density. The behavior of ␥( P) and its derivative with respect to P are shown in Fig. 8 . The Fermi liquid parameter F 1 s is plotted in Fig. 9 and compared to the values obtained by Greywall 16 from ␥(V) using V(0.1 K, P) instead of V(0,P) in Eq. ͑27͒. The agreement is excellent, because the difference between V(0.1 K, P) and V(0,P) is small.
The coefficient ␥( P) is seen to increase with pressure ͑see Fig. 8͒ , implying that, at low temperatures, both the entropy S(T, P) and the specific heat C P (T, P) increase with pressure: ‫ץ/‪S‬ץ(‬ P) T Ͼ0, (‫ץ‬C P ‫ץ/‬ P) T Ͼ0. This may be attributed to the excitation of low-energy ͑spin͒ degrees of freedom in the correlated system. 25 The Maxwell relation
then implies that at low temperatures (‫ץ‬V/‫ץ‬T) P Ͻ0. This explains the effect discussed above, namely that the volume shrinks upon increase of T. As noted before, 8, 16 the specific-heat curves for different pressures P ͑or molar volumes V) cross sharply at T ϩ ϭ0.16 K, a feature which is also observed in other strongly correlated systems. 25 In the case of 3 He the crossing of curves is due to the above-mentioned anomalous pressure dependence of the specific heat at low temperatures, where (‫ץ‬C P ‫ץ/‬ P) T Ͼ0, and the free-fermion behavior (‫ץ‬C P ‫ץ/‬ P) T Ͻ0 at higher temperatures ͑see Fig. 7͒ , implying that at some intermediate temperature T ϩ ( P) the slope of C P vs P vanishes, i.e., (‫ץ‬C P ‫ץ/‬ P) T ϩ ϭ0. Consequently, the curves C P vs T cross at T ϩ ( P) ͑see Fig. 5͒ . Furthermore, the curvature of C P with respect to P
is also small at T ϩ , since ‫ץ/‪V‬ץ(‬ P) T ϭϪV itself is small and depends only weakly on temperature near T ϩ ͑see below͒. Therefore at T ϩ the curves C P vs P are almost straight lines, implying an essentially pressure independent T ϩ ( P). The range of temperatures over which the crossing occurs is thus very narrow. In fact, the crossing region has a width ⌬C P /C P Ϸ0.5% over the entire pressure range, 25 which cannot be resolved on the scale of Fig. 5 , making it appear to be pointlike.
C. Derivatives of the molar volume
The results for the derivatives of V with respect to P and T are shown in Figs. 10 and 11. These quantities determine the compressibility and the thermal expansion coefficient.
Compressibility "T,P…
We now determine the isothermal compressibility (T, P) ͓Eq. ͑19͔͒ in a wide range of temperatures and pressures. The pressure dependence of is plotted for Tϭ0, 1.5, 2.5 K in Fig. 12, while Figs. 13 and 14 show the temperature dependence of relative to its value at Tϭ0. The variation of (T, P) with temperature for a given pressure is rather small, except for high temperatures, where the deviation from (0,P) can become quite large ͑see Fig. 12͒ .
The zero-temperature value of the compressibility is connected to the Landau parameter F 0 s by 5 ͑0,P͒ϭ
. 
͑30͒
T S /R C P /RT V Ϫ(‫ץ‬V/‫ץ‬ P) T ␣ ͓K͔ ͓K Ϫ1 ͔ ͓ cm 3 ͔ ͓cm 3 bar Ϫ1 ͔ ͓10 Ϫ2 bar Ϫ1 ͔ ͓10 Ϫ3 K Ϫ1 ͔ 0
FIG. 1. Molar volume V(T, P)
vs T at several pressures P, plotted relative to its value at Tϭ0 shown in Fig. 2 . IX. Pressure dependence of the molar volume V, linear coefficient of the specific heat ␥( P), its derivative ␥Ј( P), and compressibility , for T→0. See also the discussion of the accuracy of (‫ץ‬V/‫ץ‬T) P at low pressures in Sec. IV C and Ref. 23 . We can also compare our evaluation of (0,P) to that obtained from measurements of the sound velocity and molar volume as listed by Wheatley, 5 as well as to the data published by Abraham and Osborne 15 which they obtained by differentiating the molar volume. These data are included in Fig. 12 . They agree well with our evaluation, with relative differences of at most 2%, except at very low pressures ( P Շ2 bar͒. At higher temperatures our evaluation of (T, P) can again be compared to Abraham and Osborne's 15 data, where we also find good agreement except for PՇ2 bar. There is also good agreement with the data for (T, P) published by Grilly.
FIG. 2. Molar volume V(T, P) vs P at temperatures
14 The difference at low pressures between our results for (0,P) and other data, e.g., by Wheatley, 5 does not imply that any of Greywall's original data for C V or his formula for V(0.1 K, P) are inaccurate. It merely indicates that our calculation of the derivative ‫ץ/‪V‬ץ(‬ P) T based on Greywall's interpolation formula for V(T 0 , P) may not be sufficiently accurate at low pressures. 23 Therefore the results for (T, P) may indeed underestimate the pressure dependence of the molar volume at PՇ2 bar.
Thermal expansion coefficient ␣"T,P…
The temperature dependence of ␣(T, P) ͓Eq. ͑20͔͒ is presented in Fig. 16, with Fig. 17 showing the low-temperature region in greater detail. The pressure dependence is plotted in Fig. 18 . 26 Using Eq. ͑28͒ and the pressure dependence of ␥( P) the expansion coefficient is seen to be linear in T at very low temperatures,
i.e., is negative and vanishes at Tϭ0. The slope ‫)‪T‬ץ/␣ץ(‬ P;Tϭ0 ϭϪ␥Ј( P)/V(0,P)Ͻ0 is plotted in Fig. 19 as a function of pressure. At low pressures, it increases upon increase of pressure, but decreases again for pressures P տ15 bar. This surprising nonmonotonic behavior implies that the curves of ␣ cross at very low temperatures. At higher temperatures the expansion coefficient shows ''normal'' behavior with ␣Ͼ0, leading to a minimum in ␣ vs T. Since ␣ 2 Ӷ(‫ץ/␣ץ‬T) P at low temperatures, the thermodynamic relation
at T ϩ ϭ0.16 K, i.e., the minima of ␣ are essentially all located at T ϩ where the specific-heat curves cross ͑see Figs. 16 and 17͒. The very weak pressure dependence of these minima is due to the small width of the crossing region of the specificheat curves ͑see Fig. 5͒ as discussed above.
Our evaluation may be compared with earlier determinations of ␣(T, P). We find good agreement with the data of Abraham and Osborne; 15 for Pտ1 bar the differences are below 1. they are as high as 10 Ϫ2 K Ϫ1 due to different locations of the minima of ␣(T, P). Our data also agree with the data by Boghosian et al. 13 listed in Wilks' book 6 within 10 Ϫ3 K
Ϫ1
for TϽ1 K or PϾ10 bar, and 6ϫ10 Ϫ3 K Ϫ1 for Tу1 K and PՇ10 bar. However, there are also qualitative differences, as we will now discuss.
In Fig. 17 the curves of ␣(T, P) are seen to cross near TϷ0.35 K in a rather broad range of temperatures, as was already observed by Lee et al. 11 By contrast, in some of the earlier measurements of ␣(T, P) a sharp crossing of these curves had been reported. For example, Brewer and Daunt 9 presented a figure with a sharp crossing point of the curves at Tϭ0.4 K for pressures in the range from 2 to 22 bar, but noted that the sharpness of this feature could not be decided with certainty. In Wilks' book 6 ␣(T, P) is also plotted with a sharp crossing point at Tϭ0.35 K for pressures 0-25 bar, although the error bars are of the order of 10 Ϫ3 K Ϫ1 , i.e., are much larger than the suggested accuracy of the crossing point.
Our evaluation of the expansion coefficient clearly shows that the curves of ␣(T, P) do not cross at a single welldefined temperature. The condition for a crossing at some temperature T ϩ Ј ( P) is ‫ץ/␣ץ(‬ P) T ϭ0; for Pϭ10 bar we have T ϩ Ј Ϸ0.3 K. From the crossing condition we can estimate the width of the crossing region as
T ϩ Ј (10 bar) .
͑33͒
In the pressure range 5р Pр25 bar the numerator of the second term on the right-hand side is of the order of 10 Ϫ4 K Ϫ1 bar Ϫ1 , while the denominator is approximately 10 Ϫ5 K Ϫ2 bar Ϫ1 . These values can be determined from Fig.  18 and Tables II-VIII, and are also consistent with the data of Refs. 6. Hence T ϩ Ј varies by approximately 0.1 K over this pressure range, which is also consistent with the observed width of the crossing region in Fig. 17 . This pressure dependence of T ϩ Ј can also be recognized from Fig. 18 as the fact that ␣(T, P) never becomes a horizontal line as a function of P, contrary to the situation for the specific heat ͑Fig. 7͒. We conclude that for the curves of the expansion coefficient there exists only a broad crossing region, i.e., no sharp crossing point, in contrast to the data presented by Wilks. 6 In summary, we showed that Greywall's 16 data contain the complete thermodynamic information for the normalliquid phase of 3 He. This enabled us to calculate all equilibrium thermodynamic quantities for this phase at zero magnetic field for a wide range of parameters. We plotted and tabulated these data as reference material and benchmark for future investigations. In general, the published experimental data agree well with our evaluations. However the sharp crossing point of the curves of the expansion coefficient vs temperature for different pressures, summarized in Ref. 6 , was found to be an artifact since it is not found in the thermodynamically consistent data presented here. The difference in the compressibility at low pressures ( PՇ2 bar͒ between our values and the data obtained from Ref. 5 makes it highly desirable to have available high-precision data of the molar volume at a single temperature, which could be used in place of our Eq. ͑10͒. This would lead, in principle, to further improvements in the accuracy of the thermodynamic quantities calculated in this paper. The data of this paper may be calculated interactively for arbitrary input parameters on our website.
27
Note added in proof. Recently, the experimental work by P. R. Roach et al. 28 came to our attention, where the isobaric expansion coefficient and the adiabatic compressibility were measured. Comparing their results for P(T,V)Ϫ P(0,V) at three different temperatures with those obtained by Greywall, 16 the authors find a discrepancy of about 0.1 bar at Tϭ0.6 K and high pressures which they attribute to Greywall's interpolation formulae, Eqs. ͑7͒-͑9͒.
